Self-similarity based model of proton structure function at small x was reported in the literature sometime back. The phenomenological validity of the model is in the kinematical region 6.2 × 10 −7 ≤ x ≤ 10 −2 and 0.045 ≤ Q 2 ≤ 120 GeV 2 . We use momentum sum rule to pin down the corresponding self-similarity based gluon distribution function valid in the same kinematical region. The model is then used to compute bound on the longitudinal structure function F L x, Q 2 for Altarelli-Martinelli equation in QCD and is compared with the recent HERA data.
Introduction
Sometime back [1] , we reported results of the longitudinal structure function F L (x, Q 2 ) at small x using a self-similarity based model of quark and gluon distributions [2, 3] . The model was alternative to the model of proton suggested by Lastovicka [4] . We did not pursue the model of Ref. [4] in [1] due to the presence of a singularity at x ≈ 0.019 (which lies outside its range of validity) although the longitudinal structure function involves an integration upto x = 1. The limitation of the model of Ref. [2, 3] is that it did not specify the range of its validity unlike Ref. [4] and hence qualitatively less reliable. In Ref. [1] , we therefore assumed its validity in the entire x range to estimate the longitudinal structure function.
In the present work, we use the model of Ref. [4] instead. We invoke momentum sum rule [5] in the range x a ≤ x ≤ x b (where x a = 6.2 × 10 −7 and x b = 10 −2 ), compute the momentum fraction of quarks and gluons and pin down the gluon distribution numerically. We then use it to compute the bound on the longitudinal structure function F L (x, Q 2 ) for Altarelli-Martinelli equation in QCD [6] and compare it using recent data [7] .
In Sec. 2 we outline the formalism, and Sec. 3 gives the results and discussion. The conclusions of this work are highlighted in Sec. 4.
Formalism
2.1 Self-similarity based model of proton structure function and the momentum sum rule inequality
In Ref. [4] , the following form of parton density function (PDF) and the structure function F 2 (x, Q 2 ) were suggested based on the notion of self-similarity,
valid in the range 6.2 × 10 −7 ≤ x ≤ 10 −2 and 0.045 ≤ Q 2 ≤ 120 GeV 2 . The mass scale M 2 was set to be 1 GeV 2 . Here,
The formalism of momentum sum rule [5] has been reported recently in Ref. [8] . We briefly outline here for completeness.
The momentum sum rule inequality yields [8] 
where a = eD 0 e D 0 with eD
Its value has been determined from data in our earlier paper [9] and is found to be approximately equal to 3.1418 (for fractional charged quarks). For integral charged partons, a = 1 [10] . We define the total (0 ≤ x ≤ 1) and the partial (x a ≤ x ≤ x b ) momentum fractions of quarks and gluons respectively as x q , x q , x g and x g [8] .
We have seen that one can evaluate x q for any Q 2 , which is given by the relation [8] :
Using Eq. (5), we calculate the numerical values of x q for a few representative values of Q 2 and subsequently obtain the maximum limit of x g . We then tabulate them in Table 1 . We observe that as Q 2 increases, x q also increases but x g decreases. We also note that the partial momentum fractions of quarks ( x q ) and gluons ( x g ) vary with Q 2 and thus can be related as
where h (Q 2 ) is any Q 2 dependent function and it decreases with Q 2 in the GeV scale (Table 1) . 
Self-similarity based gluon distribution function
It is important to know the gluon distribution inside a hadron at small x because gluons are expected to be dominant in this region. The steep increase in F 2 (x, Q 2 ) towards small x observed at HERA also indicates a similar increase in gluon distribution towards small x in perturbative QCD. Accurate knowledge of gluon distribution function at small x and large virtuality Q 2 plays a vital role in estimating QCD backgrounds and in calculating gluon-initiated processes, and thus in our ability to search for new physics at the LHC. The gluon and quark distribution functions have traditionally been determined simultaneously by fitting experimental data on neutral and charged current deep inelastic scattering processes and some jet data over a large domain of values of x and Q 2 . The distributions at small x and large Q 2 are determined mainly by the proton structure function F 2 (x, Q 2 ) measured in deep inelastic ep scattering [11] .
The exact relation between the gluon distribution G (x, Q 2 ) = xg (x, Q 2 ) and the quark distribution
QCD even in leading order (LO). However, simple forms of such relation are available in literature to facilitate the analytical solutions of coupled DGLAP equations. In Ref. [12] , it was assumed that Q 2 dependence of both the distributions are identical. In Ref. [13] , on the other hand, the following simple relation was assumed:
where k is a parameter to be determined from experiments.
A more rigorous analysis was done by Lopez and Yndurain [14] and they investigated the behavior of the (singlet) structure function F 2 (x, Q 2 ) as x → 0, under the assumption that it is of power type (with eventually logarithmic) and working in leading order (LO). It was observed that for x → 0 (Eq. (3.15a) and Eq. (3.15b) of Ref. [14] ):
and
where the functions B S and B G are Q 2 dependent. d + (1 + λ S ) is the largest eigenvalue of the anomalous dimension matrix (Eq. (1.3b) of Ref. [14] ) and λ S is strictly positive. From Eqs. (8) and (9), one infers that the ratio of the gluon and the (singlet) structure function is only Q 2 dependent. That is,
In Table 1 , we have already observed that there is a relative Q 2 dependence between x q and x g . A simple plausible way of realizing it is by assuming a relation
or equivalently,
where c (Q 2 ) is a Q 2 dependent function which is also compatible with Eq. (10). Eqs. (11) and (12) therefore imply that
leading to
from Eq. (6).
Longitudinal structure function at small x
In QCD, the longitudinal structure function F L (x, Q 2 ) is given by the AltarelliMartinelli equation [6] :
where e i is the electric charge of the i th parton and α s is the strong coupling constant. Considering only the leading order and the number of flavors, n f = 4, α s is given by the following relation [15] :
where Λ is the QCD scale. We take Λ (4) M S = 296 ± 10 MeV [15] .
In the limited range
Using Eqs. (12) and (15) in Eq. (18), we get the expression forF L (x, Q 2 ) in terms of the proton structure function only. It implieŝ
Using the expression of structure function from Eq. (2) in the above two integration (Eqs. (20) and (21)) and applying suitable change of variables as was done in our recent work [8] , we obtain two integrals in each case which are infinite series of the form [16, 17] e
Taking only the first two terms of the series (22), I 1 and I 2 become
(24) Thus calculating the integral on the RHS of Eq. (19), we obtain the final expression ofF L (x, Q 2 ) as:
In Table 2 , we list the values of the longitudinal structure function F L (x, Q 2 ) obtained from experimental data [7] as well as the values ofF L (x, Q 2 ) as obtained from our analytical calculations. 2 ) and the calculatedF L (x, Q 2 ) for given values of x and Q 2 . 
Results and Discussion
The above analysis indicates that a generalization of Eq. (7) [13] is necessary to be compatible with both momentum analyses of Ref. [8, 9] as well as the theoretical expectation of Ref. [14] . Thus, evaluating the value of F 2 (x, Q 2 ) (Eq. (2)) and using the corresponding values of h (Q 2 ) from Table 1 , we obtain the values of G (x, Q 2 ) for different sets of x and Q 2 . Its qualitative feature can be studied from Figure  1 and Figure 2 . While in Figure 1 , we plot G (x, Q 2 ) vs x for a few representative values of Q 2 = 10, 30 and 60 GeV 2 , Figure 2 gives the plot for G (x, Q 2 ) vs Q 2 for x = 10 −3 , 10 −4 and 10 −5 . In both the cases, the dashed curves and the solid curves denote graphs for a = 1 and a = 3.1418 respectively.
In Figure 3 , we plot the predicted lower bound on F L both for a = 1 (integral charged partons) and a = 3.1418 (fractional charged partons). In the same plot, we also show the available experimental data on F L . The data are invariably above the predicted theoretical lower limit as expected.
Conclusions
In the present work, we have pinned down the gluon distribution function from a self-similarity based model of proton structure function at small x using momentum sum rule. We then computed the longitudinal structure functionF L (x, Q 2 ) valid in the same kinematical region as that of the parent model [4] . This results in only partial information of the longitudinal structure function in the form of a lower bound. Compared to our previous analysis [1] on the same, the present one is more reliable since the kinematical region of validity is well-defined. Moreover, we also avoided the problem of singularity of the model at x ≈ 0.019 which lies outside its phenomenological range of validity. It will be interesting to see the effects of the higher order terms of the expansion of Eq. (22) in the present analysis.
The applicability of the method is, however, not limited only to a self-similarity based model. Rather, it can be used in any DGLAP based models as well [18, 19] if their range of validity in a specific kinematic range of x is well-determined phenomenologically. at the given values of x. The dashed curves describe graph for a = 1 and that of solid curves for a = 3.1418. The figure on the right side is the zoomed out image of these two curves (which almost overlap in the left figure).
